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Abstract

A numerical procedure for optimizing the shape of three-dimensional channel with angled ribs extruded on both walls is presented to
enhance turbulent heat transfer. The response surface based optimization is used as an optimization technique with Reynolds-averaged
Navier–Stokes analysis of fluid flow and heat transfer. Shear stress transport (SST) turbulence model is used as a turbulence closure.
Computational results for heat transfer rate show good agreements with experimental data. Four dimensionless variables such as, rib
pitch-to-rib height ratio, rib height-to-channel height ratio, streamwise rib distance on opposite wall to rib height ratio, and the attack
angle of the rib are chosen as design variables. The objective function is defined as a linear combination of heat transfer and friction loss
related terms with a weighting factor. D-optimal method is used to determine the training points as a mean of design of experiment.
Sensitivity of the objective function to each design variable has been evaluated. And, optimal values of the design variables have been
obtained in a range of the weighting factor.
� 2006 Elsevier Ltd. All rights reserved.
1. Introduction

With the increasing emphasis on energy savings, various
heat transfer augmentation techniques such as pin fins,
dimples, swirl chambers, and rib turbulators are developed
and utilized in many industrial devices. Among them,
attachment of ribs to flow passages becomes one of the
widely used means of heat transfer augmentation tech-
nique, and has many industrial applications such as serpen-
tine internal cooling passages in high temperature gas
turbine blades, corrugated plate heat exchangers, and
electronic cooling devices. Artificial ribs attached on the
surface deduce secondary flows which have a vital role in
heat transfer mechanism, increase the production of turbu-
lent kinetic energy to activate small and large scale mixing,
and generate coherent flow structure in the form of stream-
wise vortices. But, attached ribs also cause inevitable extra
flow resistances, while augmenting heat transfer rate. Thus,
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to optimize the shape of rib-roughened surface, it is indis-
pensable to compromise between enhancement of heat
transfer and reduction of friction drag.

Many experimental works have been carried out to
develop high-performance heat transfer surfaces roughened
by square ribs for various heat exchanging devices. Rau
et al. [1] performed aerodynamic and heat transfer mea-
surements in a square channel with single surface rough-
ened by ribs, being perpendicular to the main flow
direction, to find the effect of rib pitch on the heat transfer
rate. In the experimental work of Han et al. [2], the effects
of the rib angle of attack and rib pitch-to-height ratio have
been investigated on the pressure drop and the average heat
transfer coefficients in the fully developed turbulent air
flow in a square duct with two opposite rib-roughened
walls. And, correlations for average friction factor and
average heat transfer coefficient have been derived. Local
heat transfer and friction loss in a square duct roughened
by various types of continuous and discrete rib turbulators
were examined by Cho et al. [3]. They recommended 90�
in-lined array for high thermal performance. In addition
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Nomenclature

A streamwise rib distance on opposite wall or area
of heated surface

B channel width
cp specific heat
D channel height
Dh channel hydraulic diameter
F objective function
f friction factor
H rib height
k fluid thermal conductivity
L length of the channel
Nu local Nusselt number
Nua average Nusselt number
Pi rib pitch
Pr Prandtl number
p, Dp pressure and pressure drop in a channel, respec-

tively
p̂ periodic component of pressure
q0 wall heat flux
Re Reynolds number ð¼ UDh=mÞ

R2
adj adjusted R square

T local mean temperature
Tw wall temperaturebT periodic component of temperature
Ui mean velocity components (i = 1,2,3)
U averaged axial velocity
W rib width
x, y, z streamwise, spanwise, and cross-streamwise

coordinates, respectively
xj coordinates (j = 1,2,3)

Greek symbols

a angle of attack of the rib
b weighting factor in objective function
c pressure gradient in streamwise direction
m kinematic viscosity
q fluid density
r increasing rate of bulk temperature in axial

direction
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to the experimental works, many numerical researches [4–
6] were performed to predict fluid flow and heat transfer
in ribbed channels, but most of them were confined to com-
pare the accuracy of the various turbulence models, not to
find the optimal shape of the rib.

In many experimental and numerical works, the main
purpose was to investigate the effect of the angle of attack
and rib pitch-to-height ratio on the heat transfer coefficient
and friction factor, and also to find the optimal case which
gives the best thermal performance among a few tested
cases. Thus, the optimal shape of rib-roughened channel,
considering wide ranges of geometric variables, was not
suggested. But, Kim and Kim [7] presented an investiga-
tion on a gradient-based numerical optimization technique
coupled with Reynolds-averaged Navier–Stokes (RANS)
analysis of turbulent flow and heat transfer for the design
of rib-roughened surface in case of single surface rough-
ened in two-dimensional channel. They suggested the
optimal values of rib width-to-height ratio and rib pitch-
to-height ratio with the objective function defined as linear
function of heat transfer coefficient and friction drag coef-
ficient, and showed that the numerical optimization
method is a quite effective and reliable way of designing
heat transfer surface.

Convective heat transfer of the surface roughened by
square ribs is affected significantly by the flow properties,
such as reattachment length of separated streamline and
turbulence intensities, as well as Reynolds number. There-
fore, shape optimization of rib-roughened surface for
enhancement of turbulent heat transfer should be based
on precise analysis of the flow structure. With the aid of
high-performance computers, numerical optimization tech-
niques based on Reynolds-averaged Navier–Stokes analy-
sis have been developed rapidly for the last decade.
Among the methods of numerical optimization, response
surface based optimization method [8], as a global optimi-
zation method, has many advantages over the gradient-
based methods [7,9]. Recently, the response surface based
optimizations are being applied to many single- and
multi-disciplinary optimization problems [10–12].

In this work, a numerical optimization procedure is pre-
sented for the design of heat transfer surface roughened by
square ribs in a three-dimensional channel with both sur-
faces roughened. Turbulent convective heat transfer is ana-
lyzed with Reynolds-averaged Navier–Stokes analysis.
Response surface method is employed to maximize thermal
performance of the surface with four design variables, i.e.,
rib pitch-to-rib height ratio, rib height-to-channel height
ratio, streamwise rib distance on opposite wall to rib height
ratio, and the attack angle of the rib.

2. Numerical analysis

For the analysis of complex fluid flow and convective
heat transfer in a rib-roughened three-dimensional channel,
CFX-5.6 [13] which employs unstructured grids was used in
this work.

To adopt periodic boundary conditions, modifications
of source terms in streamwise momentum and energy equa-
tions have been made to calibrate the gradual decrease and
increase of pressure and temperature, respectively. Finally,
for three-dimensional steady incompressible flows, mass,
momentum, and energy conservation equations in tensor
form can be written as follows:



H.-M. Kim, K.-Y. Kim / International Journal of Heat and Mass Transfer 49 (2006) 4013–4022 4015
oU i

oxi
¼ 0 ð1Þ

U j
oUi

oxj
¼ o

oxj
m
oU i

oxj

� �
� 1

q
op̂
oxi
þ cd1i ð2Þ

o

oxj
qcpUj

bT� �
¼ o

oxj
k
obT
oxj

" #
� rUjd1j ð3Þ

where p̂ðx; y; zÞ and bT ðx; y; zÞ are the pressure and tempera-
ture transformed as follows in order to use the periodic
boundary conditions [14] in streamwise direction, x.

p̂ðx; y; zÞ ¼ pðx; y; zÞ þ cx ð4ÞbT ðx; y; zÞ ¼ T ðx; y; zÞ � rx ð5Þ

Here, c is the pressure gradient along the streamwise direc-
tion, and r is the rate of bulk temperature increase due to
wall heat flux, q0:

r ¼ 2q0

UD
ð6Þ

Shear stress transport (SST) turbulence model with
automatic wall treatment [15] is used as a turbulence clo-
sure. Basically, SST model combines the advantages of
the k–e and k–x models with a blending function. The k–
x model is activated in the near-wall region, and the k–e
model is used in the rest region. Bardina et al. [16] showed
that the SST model captures separation under adverse pres-
sure gradient well compared to other eddy viscosity mod-
els, and, thus, predicts well the near-wall turbulence that
plays a vital role to the accurate prediction of the turbulent
heat transfer. Numerical model of Lai and So [17] is
adopted for modeling of turbulent heat flux.

Geometric parameters and computational domain are
shown in Fig. 1, where the attack angle, 90� implies the
flow normal to the ribs. Computational domain is com-
Fig. 1. Geometric parameters a
posed of one pitch of rib displacement to reflect periodic
behavior of flow fields. Therefore, many fragments of ribs
are included in the computational domain, especially for
the small angle of attack of the rib. In Fig. 2, two examples
of the grid system are shown for whole computational
domain and around the rib. Unstructured tetrahedral grid
system is used with the hexahedral at the wall region to
resolve high velocity gradient. First grid points are placed
at 0.0002D from the walls to satisfy y+ less than 1.0. In
some cases, for example, with small attack angle as shown
in Fig. 2(b), it was very difficult to get a converged solution
due to multiple flow separations on the periodic bound-
aries. In that case, careful adjustment of grid system was
needed to guarantee the convergence of numerical solution.

In the present calculation, uniform heat flux is specified
on the rib surfaces and channel walls between ribs. Bulk
velocity corresponding to Reynolds number, 30,000, and
constant temperature are set at all computational nodes
as initial values to help the faster convergence of the itera-
tive calculation.

With the periodic conditions, it is difficult to assign spe-
cific flow rate to the calculated flow. Thus, the iterative pro-
cedure is inevitably employed. At the initial stage of the
calculation, pressure gradient in streamwise direction is
assumed through the source term in the streamwise
momentum equation, and is continually updated until
Reynolds number reaches within 1% of target Reynolds
number.

3. Optimization techniques

Recently, as a global optimization method, polynomial
based response surface method (RSM) [8] which terms
the collective use of design of experiment (DOE) tech-
niques, regression analysis, and analysis of variance
nd computational domain.



Fig. 2. Examples of grid system: (a) Pi/H = 8.0 and a = 60�, (b) Pi/H = 5.0 and a = 30�.
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(ANOVA), is widely used, instead of old-fashioned gradi-
ent-based optimization methods.

In the present work, RSM was used to obtain an opti-
mal shape of the rib-roughened three-dimensional channel.
The optimization problem is defined as minimization of an
objective function, F(x) with xl

i 6 xi 6 xu
i , where x is a vec-

tor of design variables, and xl
i and xu

i are lower and upper
bounds of each design variable, respectively. RSM per-
forms a series of numerical analyses, for a prescribed set
of design points, and to construct a response surface using
the calculated quantities over the design space.

A second-order polynomial has been used to represent
response surface, and coefficients of the polynomial have
been determined by the least square method. Prescribed
set of design points, so-called training points, was selected
by D-optimal experimental designs [8]. Appealing properties
of D-optimal experimental designs [18] are to minimize the
uncertainty in the estimated coefficients and to minimize
the maximum variance of any predicted value by choosing
the training points to maximize jxTxj. And also, it is known
as a useful and reliable way of constructing response surface
with a small number of design points which is only 1.5–2.5
times the number of polynomial coefficients. Unal et al.
[19] showed that D-optimal design provides an efficient
approach for building the response surface model and imple-
menting multi-disciplinary optimization.

The three-dimensional channel with angled-rib-rough-
ened surfaces is shown in Fig. 1. With seven geometric
parameters, i.e., height of the channel (D), width of the
channel (B), height of the rib (H), width of the rib (W),
rib pitch (Pi), streamwise rib displacement on opposite wall
(A), and the angle of attack of the rib (a), there exist six
dimensionless variables; H/D, B/D, W/H, Pi/H, A/H, and
a. In the present optimization, W/H and B/D were identi-
cally set to be 1.0 to reduce the number of design variables.
B/D is usually restricted by the allowable space where rib
turbulators are placed. And, according to the authors’ pre-
vious work [20], the effects of W/H on heat transfer and
friction loss are much smaller than those of the angle of
attack. Therefore, four design variables such as H/D,
Pi/H, A/H, and a were selected as design variables in the
optimization.

To maximize the performance of the ribs, the optimal
shape should be determined by compromising between the
enhancement of heat transfer and reduction of friction loss.
After the definition proposed by Gee and Webb [21], aver-
age Nusselt number and 1/3 power of friction factor became
indexes of representing the thermal performance of ribbed
channel, as used in many experimental works [2,3,22], and
in the present optimization, those two objectives are com-
bined with weighting factor which is frequently adopted
in multi-objective optimizations. Therefore, the present
optimization problem is defined as minimization of follow-
ing objective function:

F ¼ F Nu þ bF f ð7Þ
where b is a weighting factor. This factor should be deter-
mined by the designer considering energy economy of the
whole system. The first term on the right-hand side is de-
fined as an inverse of average Nusselt number:

F Nu ¼
1

Nua

ð8Þ

where

Nua ¼
R

A
Nu
Nus

dA

A

Nu ¼ q0Dh

kðT w � T Þ
Nus ¼ 0:023Re0:8Pr0:4
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Fig. 4. Validation of computed local Nusselt number for a = 90� along
the bottom centerline.
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Nu is the local Nusselt number, and Nus is the Nusselt
number obtained from the Dittus–Boelter correlation,
which is for the fully developed turbulent flows in a smooth
pipe, and the integration is performed over the heated sur-
face (A) between the ribs.

The second term which is related to friction loss is
defined as follows:

F f ¼
f
f0

� �1=3

ð9Þ

where

f ¼ DpDh

2qU 2L

f0 ¼ 2ð2:236 ln Re� 4:639Þ�2

f0 is a friction factor for fully developed flow in a smooth
pipe, and is obtained from Petukhov empirical correlation
[23] which is modified from the Karman–Nikuradse corre-
lation for the best fit in the range, 104 < Re < 106.

4. Results and discussion

To find optimal number of grids, five different numbers
were tested for both surfaces roughened channel with the
conditions same as the experiment by Cho et al. [3], as
shown in Fig. 3. As the number of grids increases, the error
compared to the results with the finest grids (1.1 · 105)
decreases monotonically as the sequence of 8.4%, 4.0%,
1.9%, and 1.0%. Therefore, from the results, the number
of grids, 1.0 · 105 is selected as an optimal one.

For the validation of present numerical solution, the
results for the distribution of local Nusselt number along
the bottom centerline between the ribs are compared with
the experimental data of Rau et al. [1] at Reynolds number,
30,000 with B/D = 1.0, H/D = 0.1, Pi/H = 9.0, A/H = 0.0,
and a = 90�, in Fig. 4. In this figure, the maximum value of
local Nusselt number on the surface between the ribs is
x/H

N
u

/N
u

s

0 2 4 6
1

2

3

4

5

6.2× 104

6.4× 104

9.2× 104

1.0× 105

1.1× 105

Fig. 3. Grid dependency test.
underestimated, but general trend of the distribution is
acceptable in comparison with the experimental data. This
prediction, however, looks better than those of Ooi et al.
[6], who also calculated the local Nusselt number with single
surface roughened by perpendicular ribs by using v2f turbu-
lence model. The discrepancy in the local Nusselt number
distribution, not in the average level, is expected not to have
a large influence on the optimization results. In Fig. 5, com-
puted average Nusselt numbers with different attack angles
for the same condition as the experiment by Han et al. [2]
for Pi/H = 20.0, are compared with the experimental data
of Han et al. [2] for Pi/H = 10.0 and 20.0, A/H = 0.0 and
H/D = 0.063, and Cho et al. [3] for Pi/H = 8.0, A/H =
0.0, and H/D = 0.08. The computational Nusselt numbers
are in good agreements with corresponding experimental
data. Computational results for friction factor are also val-
idated by comparing with the experimental data of Han
et al. [2] for Pi/H = 20.0 as shown in Fig. 6. The agreements
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Fig. 5. Validation of computed average Nusselt number.
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Table 2
Results of ANOVA and regression analysis
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with experimental data are generally satisfactory enough to
support the validity of the results.

In the present optimization, Reynolds number based on
hydraulic diameter with 25 �C air is 30,000, and uniform
heat flux is imposed on both walls. For the optimization,
response surface based optimization is used and 27 training
points are selected by D-optimal experimental designs to
construct the response surface. Ranges of design variables
are listed in Table 1. Lower and upper limits of Pi/H are
selected as 5.0 and 20.0, respectively, because maximum
heat transfer rates were obtained within this range in many
experimental works [1,4,24] and in numerical work of
Habib et al. [25]. Design variable for asymmetry of the ribs,
A/H ranges from 0.0 to 2.5 that correspond to symmetric
and staggered arrangements of the ribs, respectively. For
H/D, its design space is set from 0.05 to 0.25. Below the
lower limit, computational difficulty arose and, moreover,
it is not compatible with the actual usage of general heat
exchanger. And, over the upper limit, pressure drop
increases abruptly as was indicated by Lopez et al. [26].
Lower and upper limits of a are selected as 30� and 90�,
respectively, because maximum heat transfer rates were
observed within this range in the experimental works of
Han et al. [2] and Cho et al. [3], and also in the computa-
tional work of Tatsumi et al. [27].

Numerical optimizations have been performed in the
range from 0.0 to 0.1 of the weighting factor. To measure
the uncertainty in the set of coefficients in a polynomial,
analysis of variance and regression analysis provided by
t-statistic [8] are implemented. For example, R2

adj for
Table 1
Design variables and ranges

Design variable Lower bound Upper bound

H/D 0.05 0.25
Pi/H 5.0 20.0
A/H 0.0 2.5
a 30.0� 90.0�
b = 0.02 is 0.959 as shown in Table 2. Guinta [28] sug-
gested that the typical values of R2

adj are in the range,
0:9 6 R2

adj 6 1:0, when the observed response values are
accurately predicted by the response surface model. In this
respect, the present response surfaces are quite reliable
since R2

adj is over 0.93 for all cases of optimization.
Figs. 7 and 8 show results of sensitivity analyses for two

components of the objective function. Here, the percent
change of each design variable, dv is varied within ±10%
of the optimal value, and the subscript, opt represents the
value at optimal shape with b = 0.05. From these sensitive
analyses, it is evident that heat transfer and friction coeffi-
cients are more sensitive to rib height and the angle of
attack of the rib than to rib pitch and asymmetry of the ribs
near the optimal point. The sensitivity to angle of attack is
almost same as that to rib height in case of heat transfer
related term, but is quite lower than that to rib height in
case of friction loss term. The results of sensitivity analysis
for the objective function with b = 0.05 are shown in Fig. 9.
It is found that the objective function is most sensitive to
the rib height as expected from Figs. 7 and 8. Fig. 8 shows
that friction loss related component of the objective func-
tion is far from the minimum at the optimum shape, unlike
the case of heat transfer related term shown in Fig. 7.

Results of optimization for b = 0.02 are shown in Table
3. The reference shape was chosen arbitrary among the
cases with a = 60�, and the perpendicular shape indicates
the shape with a = 90�. The optimal shape gives average
Nusselt number 3.96% and 43.4% larger than those of
the reference and the perpendicular shapes, respectively.
But, the value of friction loss related term (Ff) in optimal
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Fig. 7. Sensitivity analysis of FNu for optimal shape (b = 0.05).
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Table 3
Results of optimization for b = 0.02

Design variable Nua Ff Objective
function

H/D Pi/H A/H a

Perpendicular
shape

0.21 12.7 0.70 90.0� 1.9533 2.3265 0.55848

Reference
shape

0.25 12.5 1.25 60.0� 2.6946 2.8464 0.42804

Optimal
shape

0.21 12.7 0.70 55.4� 2.8013 2.7381 0.41174
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case is 17.7% larger than that of the perpendicular shape.
This is not surprising when we recall the experimental
results of Han et al. [2], where friction factor of optimal
rib is much larger than that of perpendicular rib. Finally,
the objective function is reduced to 3.81% and 26.3% of
the value of reference shape and perpendicular shape,
respectively.
Local Nusselt number contours on both walls between
ribs are shown in Fig. 10 for three types of rib arrange-
ment, i.e., perpendicular, reference, and optimal shapes.
In all cases, heat transfer rate decreases abruptly just
behind the rib due to flow separation, and increases down-
stream to reach the maximum near the reattachment line.
Then, it shows another peak before the next rib due to
the collision of fluid lumps to the front of the next rib. It
is noted that heat transfer rate on bottom wall is found
to be higher than that on top wall around the reattachment
lines, since the flow accelerated passing through the rela-
tively narrow passage between bottom and top ribs reat-
taches on the bottom wall first, and has second
reattachment with deceleration on the top wall. And, the
optimum shape gives the higher heat transfer rate and
the shorter reattachment length downstream of the rib
due to the relatively smaller gap between bottom and top
ribs compared with the reference shape. From these results,
it is found that length of the separation region plays a vital
role in enhancing the heat transfer rate. In other words, the
smaller separation region gives the better heat transfer rate.
The smallest region of separation is found in the optimal
shape of the ribbed channel compared to the other two
cases. As a result, heat transfer is augmented in a wide
region of the surface between the ribs.

Fig. 11 shows streamlines on three different y–z planes in
optimal channel. The abscissa and the ordinate in these fig-
ures are same as indicated in Fig. 1. It is noted that three
separate vortices are formed just after the rib. But, three
vortices in Fig. 11(a) and (b) are not identical. The two vor-
tices depicted at the bottom half of Fig. 11(a) merge to one
which is shown at the bottom in Fig. 11(b), and a new vor-
tex is generated at the upper half in Fig. 11(b). And, the
two vortices which occupy upper region in Fig. 11(b) are
combined into one at x/H = 7.0 (Fig. 11(c)).

The spanwise mixing induced by these vortices gives rise
to large heat transfer augmentation even far downstream
of the rib. In Fig. 12, local Nusselt number distributions
along the center line, y/B = 0, are compared for three
shapes. The maximum overall heat transfer occurs at opti-
mal shape which gives the shortest length of flow reattach-
ment, where the local heat transfer rate reaches the
maximum.

Optimal values of four design variables are plotted for
different weighting factors in Figs. 13 and 14. With the
increase of the weighting factor, in other word, as
designer’s purpose is shifted to the reduction of pressure
drop, rib pitch and rib displacement on opposite wall
increase, but the angle of attack and rib height decrease.
As rib pitch increases, pressure recovery after the separa-
tion also increases, and hence optimal value of Pi/H moves
toward the larger value with increasing weighting factor.
As for rib displacement on opposite wall, it is interesting
to notice that when only the heat transfer performance is
the matter of concern, still an asymmetric rib arrangement
shows the best performance than a symmetric case. It is dif-
ficult to discuss on this result because no experimental



Fig. 10. Normalized local Nusselt number contours.

Fig. 11. Streamlines on y–z planes in optimal channel (b = 0.02).
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work has been performed for this case. But, it is thought
that flow interference by an asymmetric placement of upper
and lower ribs increases turbulent intensity close to wall
and plays a vital role to enhance heat transfer augmenta-
tion. Actually, turbulent kinetic energy adjacent to the wall
of asymmetric placement is 5–40% larger than that of sym-
metric ones among the calculated cases.
Tiggelbeck et al. [29] reported that, for a wing vortex
generator, the longitudinal flow structure which produces
effective heat transfer augmentation at the wall over large
span of streamwise distance is not clearly formed for the
angle of attack larger than 70�. And, Tatsumi et al. [27]
reported, from their numerical work for an oblique discrete
rib, that maximum heat transfer rate is observed at the
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angle of attack of 45� while maximum friction loss occurs
at the angle of attack of 60�, and that a longitudinal vortex
of large scale was found at the angle of attack less than 60�.
From these previous results, it is estimated that optimal
values exist between 45� and 60� of the angle of attack.
And, it is found that the present optimization results,
shown in Fig. 13, are consistent with these results.

The computations were carried out by personal com-
puter with Intel Pentium IV CPU 2.4 GHz. The computing
time of single flow analysis using CFX-5.6 is in the range of
7–20 h according to the geometry considered and the con-
vergence rate.

5. Conclusions

Geometric shape of three-dimensional channel with both
surfaces roughened by square ribs has been optimized to
maximize the performance of heat transfer by response sur-
face based optimization method coupled with Reynolds-
averaged Navier–Stokes analyses of fluid flow and heat
transfer. Calculated local and averaged Nusselt number dis-
tributions showed a reasonable agreement with experimen-
tal data, enough to be used in the optimization process. The
objective function was defined in order to maximize the per-
formance of the ribs by compromising between augmenta-
tion of heat transfer and reduction of friction loss with a
weighting factor. Twenty-seven training points selected by
D-optimal design of experiment for four design variables
construct a reliable response surface. It is found that both
of heat transfer and friction loss related components of
objective function are most sensitive to the height of rib
among the design variables. The optimal values of design
variables were obtained with the variation of the weighting
factor. As the weighting factor increases, in other word, as
design emphasis is shifted to reduction of friction loss, opti-
mal values of rib pitch-to-rib height ratio and rib displace-
ment-to-rib height ratio increase, but those of attack angle
and rib height-to-channel height ratio decrease.
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